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This paper reports a study of the backscattered ultrasonic signal from a solid layer containing spher-
ical cavities, to determine the conditions in which an effective medium model is a valid description
of the response. The work is motivated by the need to model the response of porous composite
materials for ultrasonic non-destructive evaluation (NDE) techniques. The numerical simulation
predicts the response of a layer containing cavities at a single set of random locations, and compares
it to the predicted response from a homogeneous layer with ensemble-averaged material properties
(effective medium model). The study investigates the conditions in which the coherent (ensemble-
averaged) response is obtained even from a single configuration of scatterers. Simulations are car-
ried out for a range of cavity sizes and volume fractions. The deviation of the response from effec-
tive medium behavior is modeled, along with the trends as a function of cavity radius, volume
fraction, and frequency, in order to establish an acceptability criterion for application of an effective
medium model.VC 2012 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4763985]
PACS number(s): 43.35.Cg, 43.35.Zc [PEB] Pages: 3760–3769
I. INTRODUCTION
Ultrasonic or acoustic propagation through inhomogene-
ous media is of relevance in a wide variety of fields, from
seismology, food and pharmaceutical applications, and non-
destructive evaluation.1 Considering, in particular, materials
with inclusions, which may be fibers in a resin, cavities in a
cast metal, particles in a suspension, etc., the characteristics
of compressional or shear waves through such materials are
of great interest. Measurements of sound speed and attenua-
tion, for example, can be used for dispersed phase particle
sizing or the characterization of porosity. The detection of
defects in fiber composites relies on knowledge of the sound
speed in the composite. Accordingly a vast literature exists
on the determination of the properties of such media perti-
nent to ultrasonic propagation.
In the majority of studies, what is considered is the
“coherent field,” that which propagates “uniformly” as if in a
homogeneous medium, and can thus be characterized by a
wavenumber, acoustic impedance, or by properties such as
elastic moduli and density.2–6 For this part of the wave field,
therefore, the material can be defined by effective properties
corresponding to an equivalent homogeneous medium with
the same ultrasonic propagation characteristics. Many
different schemes exist for the derivation of these effective
properties, including models termed effective medium mod-
els, self-consistent models, multiple scattering models,
ensemble-average models, and homogenization schemes. A
broad selection of such studies was reviewed in a previous
paper;7 papers by Kanaun and Levin,8 Kim,5 and Parnell
et al.6 also include useful reviews of this literature. The field
is still an active one, despite its long history, and although
many works are based on elastostatic analyses9,10 rather than
on wave propagation, new variants on effective medium
models are published frequently.11,12
Let us consider what this coherent field is, and whether
it is indeed what is actually measured in an experimental
system. Foldy13 states that although the scattered fields are
all coherent, the resultant field is separated into that part
termed (and now known as) the coherent field which propa-
gates uniformly and other scattered components referred to
as incoherent scattering. It is the identification of that coher-
ent field component that leads to the requirement to obtain
the ensemble average of the scattered fields, that is the aver-
age over all possible configurations of scatterer positions.2
Such ensemble-averaging is a principal component of many
effective property derivations, particularly those based on
the multiple scattering formulation.2,6,13–16
Hence, the effective properties derived from such for-
mulations correspond to an average over all possible scat-
terer configurations. In practice, however, is a measurement
taken on a sample similarly averaged over all configurations
of scatterer locations? Waterman and Truell,14 in their multi-
ple scattering model for the effective wavenumber, state that
this averaging process occurs naturally in many applications
“either due to the measuring device averaging over a region
large compared with any of the lengths involved, or where
the configurations are changing with time rapidly in compar-
ison with the time scale of measurement.” While the latter is
certainly true for measurements in fluid systems, the loca-
tions of scatterers in a solid (whether cavities or inclusions)
are fixed. The former requirement implies use of spatial
averaging over a volume of sample sufficiently large to
smooth any statistical variations in scatterer distribution;
how large is not established. A similar spatial averaging
effect, by taking measurements on a number of samples, is
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suggested by Foldy13 in order to improve the averaging over
scatterer configurations, a requirement also confirmed by
Dubois et al.17 using measurements at different positions on
the same sample. In continuum mechanics, the question of
how large a sample volume is required to approach statistical
homogeneity of mechanical properties has been considered
by Ostoja-Starzewski and others.18,19 In these studies, the
statistically homogeneous sample (theoretically relating to
an infinite set of microscale samples) is referred to as the
Representative Volume Element (RVE), while a finite-sized
sample with specific microstructure is termed the Statistical
Volume Element (SVE). The approach of the SVE to the
RVE explored by Ostoja-Starzewski is similar in nature to
the sampling question addressed in the present work.
For a solid system, then, an average over configurations
could be achieved by averaging measurements across a large
transducer surface, or taken at different positions, or on dif-
ferent samples, thus averaging over many configurations.
However, in non-destructive evaluation (NDE) applications,
there is a requirement to identify the characteristics of the
material at a particular location (although this still corre-
sponds to a finite volume element) which precludes the use
of averaging over a large area. Therefore a measurement is
made with a single local configuration of scatterer locations,
occurring in the relevant measurement region. Foldy13 is
apparently unconcerned by the use of a measurement from a
single configuration of scatterer locations, stating that “…for
a collection of a large number of scatterers a particular
‘unprepared’ collection will have particular physical proper-
ties which do not deviate greatly from the average physical
properties of a properly defined statistical ensemble of col-
lections because of the lack of ‘correlation’ implied in the
word ‘unprepared’ as to the positions of the individual scat-
terers. This allows one to estimate the properties of the aver-
age over an ensemble from an experiment on a particular
configuration with a very high probability that the estimate
is correct, although the possibility exists of a wide deviation
if the selected ensemble should be particularly strongly
ordered.” This present study aims to investigate whether the
signal backscattered from a region of scatterers with only a
single realization of locations can be represented by the en-
semble average result.
In a previous paper,7 numerical simulations were used to
demonstrate that a simple numerical ensemble-average limit
of the scattered fields from a layer of spherical scatterers was
equivalent to the field obtained by considering the layer as
homogeneous with certain effective properties. In addition,
the simulations showed that, under certain conditions, the
field generated by scatterers in a single configuration of scat-
terer locations was also equivalent to the effective medium
response. In the present work, further simulations are
reported which demonstrate the conditions under which the
response of a single realization of scatterer locations is simi-
lar to that of the ensemble-averaged effective medium. This
particular aspect has not been addressed in the literature to
our knowledge. Simulations of ensemble-average responses
have, however, been reported, and since these generate the
response from many scatterer configurations, they do in
some cases provide useful information on the current prob-
lem. Maurel20 constructed a one-dimensional simulation to
validate an ensemble average model, taking averages of
between 100 and 10 000 realizations of scatterer locations.
The results indicated that a greater number of realizations
were required to achieve convergence of the average for
larger wavenumbers (shorter wavelength), and that consider-
ably more realizations were required to obtain the required
accuracy for the reflected fields than for the transmitted
coherent field. The large number of realizations required
would suggest that the results of a single realization can be
significantly far from the ensemble average result; indeed a
selection of responses is shown for single realizations, dem-
onstrating the incoherent field contribution.20 The deviation
is expected to be greater for shorter wavelengths where more
realizations were required to achieve convergence of the av-
erage field.20
Two finite-difference time-domain simulations have
been reported, both simulating solid cylinders in a fluid in
two dimensions.17,21 Dubois et al.17 found that acceptable
convergence of the averaged transmitted field was obtained
using around 30 realizations of scatterer locations, although,
similar to Maurel,20 they found that the reflected field con-
verged more slowly, requiring a much greater number (90 to
210) of simulations. Their calculations covered a broad
range of ratios of wavelength to radius, using two different
concentrations, and represented a similarly broad range of
ratio of wavelength to the mean distance between scatterers.
For most of the simulations, the mean distance between scat-
terers would be less than or comparable to the wavelength.
Only ensemble averaged results are presented in the paper,
no single realization results are shown. Galaz et al.,21 using
a similar system, accept an inaccuracy of around 9% on
attenuation by using only 15 simulations to calculate the
averaged field (due to computational time constraints). The
authors state that the standard deviation of the results from
individual realizations are considerably higher than this fig-
ure, which indicates that use of a single realization could in
practice be far from the averaged result. Although the
authors were again interested in the averaged values, one
simulation of a single realization is given, which clearly
shows the effect of the incoherent field on the reflected
(backscattered) signal.
In the works of both Dubois et al.17 and Galaz et al.21 the
simulated receiving surface is much larger than the scatterer
radius, and much larger also than the mean distance between
scatterers. This would suggest that the averaging effect of the
finite transducer area does not achieve the convergence of the
scattered field to the ensemble averaged result until a very
large area is covered. In order to achieve the same averaging
effect as the use of multiple simulations, a scale-up factor on
the receiver area on the order of the number of simulations
(realizations) would be required. In all the simulations
reported,17–21 the wavelength is comparable to or less than
the mean distance between scatterers, although Dubois et al.
also cover a small range in which the wavelength is
much greater than the mean distance between scatterers.
The simulations reported in this present work address
the convergence of the backscattered response from a single
realization of spherical scatterers in a solid matrix to the
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ensemble-averaged response. We wish to establish the con-
ditions under which the response from a layer of cavities can
be described by an effective medium model, without resort
to spatial averaging. Our models are based on a scattering
formulation originating in the work of Rayleigh,22 both for
the single realization simulations and for the effective me-
dium (ensemble-averaged) responses. The scattered field
from a randomly-generated single configuration of spherical
cavities is simulated using a model, termed the discrete scat-
terer model (Sec. II B, Fig. 1, top half), demonstrating the
emergence of the coherent field behavior from the incoherent
scattered fields. The response is then compared to that of the
ensemble average limit of the discrete scatterer model
(Sec. II B), and an effective medium model (Sec. II C) which
simulates reflection from a homogeneous layer (Fig. 1, bot-
tom half), whose properties are derived from the Foldy
ensemble-averaged wavenumber. The work extends that
reported in the previous paper7 by investigating the effects
of cavity radius, concentration, and frequency to establish
the validity criteria for effective medium properties applied
to single scatterer configurations. Fuller details of the models
were given in the previous paper7 and are only summarized
here. The results of the models are shown in Sec. IV, and the
conditions for validity of the effective medium description
for the field scattered from a single configuration of scatter-
ers are discussed in Sec. V.
II. THE MODELS
A. Discrete scatterer model
A number of spherical cavities are located in the region
zmin  z  zmax, irradiated by a longitudinal plane wave of in-
finite lateral extent transmitted by an infinite planar transducer
coupled directly to the solid medium (top half of Fig. 1). The
acoustic field scattered by the cavities is received at the trans-
ducer, which is assumed to respond to the normal displace-
ment at its face. The signal received at a point on the
transducer is derived by considering the field scattered by
each cavity, taking into account its angular dependence in the
far field. It should be noted that there are no planar interfaces
between regions in this model; the matrix surrounding the
cavities is identical to the medium between the transducer and
the porous region, and to that behind the porous region. The
wavenumber of this matrix material is k ¼ x=cðxÞ þ iaðxÞ,
where cðxÞ and aðxÞ are the wave speed and the attenuation,
respectively, and x is the angular frequency. The transmitted
wave is harmonic, and the eixt convention is adopted for
time-dependence. For simplicity in the numerical simulation,
the exciting wave at any scatterer is assumed to be identical to
the incident wave; no modification of the incident wave is
made to incorporate the scattered fields from other scatterers.
This assumption limits the simulation to low concentrations
but in order to establish the trends with concentration, calcula-
tions have been carried out up to concentrations of 10% by
volume.
The normal displacement at a point on the transducer
due to the scattered fields from the cavities is given by
uz;mult ¼ uz;inc
XNsc
j¼1
eikzj  e
ikrj
r2j
@f ðhÞ
@h

hj
sin hj
"
ikzj  f ðhjÞ 1 1
ikrj
 
; (1)
where uz;inc is the normal displacement due to the transmit-
ted (incident) field at the same point on the transducer, Nsc is
the total number of scatterers (cavities), and the geometrical
variables are defined in the diagram shown in Fig. 2. The
far-field amplitude f ðhÞ is defined in terms of the displace-
ment potential for the scattered field by
/! f ðhÞ e
ikr
r
as r !1: (2)
According to the Rayleigh method, it is related to the scatter-
ing coefficients of the partial wave orders, An as
f ðhÞ ¼ 1
ik
X1
n¼0
ð2nþ 1ÞAnPnðcos hÞ; (3)
where Pn is the Legendre polynomial. In the present simula-
tions, these scattering coefficients are calculated by the Ray-
leigh method, as formulated by Ying and Truell,23 described
in Refs. 1 and 24. Only orders up to n¼ 2 make a significant
contribution except at the largest radius and highest frequen-
cies studied, but calculations included up to n¼ 5. Analytical
expressions for the coefficients in the long wavelength limit
were given in an earlier paper.7
FIG. 1. System configurations for the two models. The top half, above the
dashed line, shows the discrete scatterer model with spherical cavities em-
bedded in solid material in the region zmin< z< zmax. The bottom half,
below the dashed line, shows the effective medium model in which a homo-
geneous solid material is present in that region. In both cases, the transducer
is directly in contact with the medium in the region z< zmin which has the
same properties as the matrix surrounding the cavities, and the material in
the region z> zmax.
FIG. 2. Diagram showing the coordinate definitions for the location of a
single cavity relative to the point under consideration on the transducer.
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Although in principle the region containing cavities is
of infinite lateral extent, the contribution to the received
signal decreases as the radial position R of the cavity
increases. Hence, it is possible to consider only a finite do-
main, zmin  z  zmax, R  Rmax within which cavities are
located. The value of Rmax for the simulations is deter-
mined such that a further increase in Rmax results in no
significant change in the received signal. Since the simula-
tion covers a large lateral region, some effective averaging
over scatterer locations may already occur. Scatterers are
placed randomly in the region, with no account taken of
their excluded volume, although their scattering properties
are defined by a denoted scatterer radius. This is equiva-
lent to the assumption of an uncorrelated distribution of
scatterers, which is common in the effective medium
literature.20,25
Equation (1) defines the Discrete Scatterer Model, for a
single realization of scatterer (cavity) locations, and for a
particular concentration of cavities and cavity size.
B. Ensemble average model
In common with many effective medium models, we
take the ensemble average of the backscattered field from
a single realization of scatterers to estimate the coherent
field. Assuming uncorrelated scatterer locations, neglecting
excluded volume (see above), the ensemble average field
is given by
uz;ave ¼
ðzmax
z¼zmin
ð1
r¼z
2pNuz;sglerdrdz; (4)
where N is the number density of scatterers. It should be
noted that this ensemble averaged response is obtained
under a single-scattering assumption, with the same inci-
dent field at each scatterer. It does not correspond exactly
to the coherent field derived from a multiple scattering
model in which the exciting field at each scatterer includes
the scattered fields from all other scatterers. It is, however,
the ensemble average limit of our discrete scatterer model
which is a single scattering model. These simplifications
have been made in order to achieve simulations of a large
system.
C. Effective medium model
In contrast to the discrete scatterer model described
above, the effective medium model treats the region contain-
ing cavities as an equivalent homogeneous medium (Fig. 1,
bottom half). The properties of this region are derived from
published analytical ensemble-average models for the effec-
tive density,4,25,26 and wavenumber,13 and so the model pro-
duces the coherent field response. There are three regions of
homogeneous material, with planar interfaces at z ¼ zmin
and z ¼ zmax. The properties of the material in the regions
z < zmin and z > zmax are identical to those of the matrix sur-
rounding the cavities, as in the previous model. However,
the region zmin < z < zmax is now considered as homogene-
ous with effective properties and with no actual cavities
present.
The normal displacement at the transducer can be
obtained by summing reflections from the front and back
interfaces in a straightforward manner, leading to
uz;effðxÞ ¼uz;ince2ikzmin  r12
 1 t12t21e2ikdf1 r122e2ikdg1
h i
; (5)
where d ¼ zmax  zmin is the thickness of the layer and rij
and tij are the displacement reflection and transmission coef-
ficients at the interface from medium i to medium j, which
are defined by
r12 ¼  Z^  1
Z^ þ 1 ; t12 ¼
2Z^
Z^ þ 1 and t21 ¼
2
Z^ þ 1 ; (6)
where Z^ is the ratio of the impedance in the layer to that of
the solid matrix.
The impedance of a medium is given by
Z ¼ qc; (7)
with density q and longitudinal sound speed, c. The effective
density is
qeff ¼ qð1 /Þ; (8)
where / is the fractional volume occupied by the cavities.
This result has been obtained by a number of workers using
ensemble average schemes,4,25,26 or alternative homogeniza-
tion methods.6 The wave speed is also obtained from an en-
semble averaged scattered field; here we adopt the result of
Foldy13 which is first order in concentration, which leads to
K2
k2
 
¼ 1þ 3/
k2a3
f ð0Þ; (9)
for the effective, ensemble-averaged wavenumber, K, and
k is the wavenumber in the matrix. The effective wave
speed results from the definition of the wavenumber as
K ¼ x=ceff þ iaeff . It can be shown that the resulting imped-
ance ratio for the effective medium is independent of fre-
quency in the low frequency region.
III. NUMERICAL CALCULATIONS
A. System parameters
All calculations have been executed in MATLAB27 using
double precision complex arithmetic. Simulations using the
discrete scatterer model were conducted for a set of realiza-
tions of cavity locations. A range of cavity radii from 5 to
20 lm was used, with all cavities in a single realization of
scatterer locations being the same size. For each selected
cavity size, a single set of cavity locations is generated ran-
domly within the defined region (2mm< z< 3mm), to rep-
resent a concentration of 20% by volume. Excluded volume
effects were not accounted for. Cavity locations, specified by
independent coordinates z, R, were obtained using the
MATLAB pseudo-random number generator in a manner which
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preserved a constant probability of scatterers per unit vol-
ume. Lower concentrations are obtained using a subset of
that location set. In this way, a set of scattered signals is gen-
erated for each cavity size and concentration. The system pa-
rameters are shown in Table I.
Calculations were discretised in the time and frequency
domains, with a sampling frequency of 50 MHz and a record
length of 1024 samples. Frequency-domain simulations
based on the models were combined with typical transducer
signals and transformed into the time-domain by Fourier
transform. The signal used as input to the simulations was
that obtained experimentally using a pair of identical trans-
ducers of 10MHz center frequency (c.f.) (V311-SU, Olym-
pus NDT, Waltham, MA) in a pitch-catch arrangement with
25mm path length through water. The transducer waveform
was digitized initially at 400MHz using a LeCroy 9450A os-
cilloscope (LeCroy Corp., Chestnut Ridge, NY) and then
sub-sampled down to the simulation sampling frequency of
50 MHz. An additional simulated transducer transmit-
receive response with a center frequency of around 5 MHz
was obtained by sub-sampling the measured (10MHz c.f.)
response in the frequency domain. All time-domain figures
have been smoothed using an up-sample to 200MHz; they
are also time-shifted so that the temporal origin occurs at the
first received signal at 2 zmin/c. In addition, scaling by con-
centration has been applied for the purposes of graphical
comparison.
The solid matrix surrounding the cavities is taken to be
a homogeneous representation of a typical carbon fiber rein-
forced composite, whose effective properties have been esti-
mated as shown in Table II; the ratio of longitudinal:shear
wave speed is taken to be 2:1. Attenuation in the composite
is neglected in the present calculations so that the scattering
processes and effective medium behavior could be investi-
gated independently of the additional effects of frequency-
dependent losses in the resin matrix. Since we are consider-
ing the scattering problem in the long wavelength limit, the
order n of the partial waves can be limited and we have set
nmax ¼ 5, although only up to n¼ 2 makes a significant con-
tribution except at the largest radius and frequency. Here the
wavelength at 10MHz is 300 lm and the largest cavity ra-
dius 20 lm.
B. Method of quality of fit
Since the purpose of the present study is to explore the
conditions under which a discrete scatterer simulation
approaches that of a homogeneous layer in the ensemble av-
erage limit, it is necessary to establish criteria for the quality
of fit in the comparisons between the model results. In each
case, the comparison is between a discrete scatterer simula-
tion and the corresponding effective medium or ensemble
average reference signal. A number of comparison techni-
ques were attempted in both time and frequency domains.
The quality of fit calculations in the frequency domain were
conducted on the system frequency response, without any
transducer signal. Ultimately, calculations in the frequency
domain were selected over time-domain methods on the ba-
sis that they permitted the effect of bandwidth to be estab-
lished. Although other correlation techniques were again
applied, the preferred measure was the sum of squared resid-
uals (or residual sum of squares, RSS) on the absolute value
of the frequency response, between the discrete scatterer
response and the corresponding reference response, deter-
mined as a function of frequency.
The frequency response was first smoothed by window-
ing the corresponding time-domain response with a half-wave
cosine from 5.31 to 5.84ls after the expected first arrival of
the front face reflection This effectively truncates the response
before the arrival of the edge wave resulting from the bound-
ary of the region containing cavities, and smooths the
response from scatterers near that edge toward zero. The RSS,
as defined here, is a measure of the deviation of a single real-
ization response from the reference response, summed over
frequency up to a given maximum frequency, and taken as a
proportion of the reference response. As such it is effectively
an estimate of the error of the single realization response as a
fraction of the coherent reference response. Thus, at a fre-
quency f, corresponding to sample number lmax
RSSðf Þ ¼
Xlmax
l¼1
½jFdisc;/;rðflÞj  jFref;/;rðflÞj2
Xlmax
l¼1
jFref;/;rðflÞj2
; (10)
where FðflÞ is the frequency response at the discrete fre-
quency fl denoted by the element integer l ¼ 1þ flns=fs,
with ns the number of samples in the frequency response,
and fs the sampling frequency. The subscripts “disc” and
“ref” denote the discrete scatterer and reference (ensemble
average, model B, or effective medium, model C) responses,
respectively, and subscripts / and r identify the response at
a particular concentration and cavity radius.
Since a coherent response might be expected from a sin-
gle realization of scatterers when the wavelength is much
greater than the length scale of the inhomogeneity in the
TABLE I. The system parameters used in the calculations.
Distance of layer from transducer zmin 2mm
Layer thickness 1mm
Radius of porous region Rmax 20mm
Cavity volume fractions 1%, 2%, 5%, 10%
Cavity radius 5.0, 7.9, 10.0, 15.9, 20.0lm
Number of cavities (millions) in a region at
20% concentration (respectively with radius) 480, 120, 60, 15, 7.5
Transducer center frequencies 10 MHz, 5 MHz
Sampling frequency 50 MHz
Number of samples 1024
TABLE II. Physical properties of the composite matrix materials used in
calculations.
Sound speed (longitudinal) 3035m s-1
Density 1564 kgm-3
Shear modulus 3.6GPa
Attenuation 0
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system, we introduce the mean distance between scatterers,
d, estimated by the Wigner–Seitz radius, as a measure of that
length scale, thus
d ¼ a=/1=3: (11)
Then the parameters ka and kd can be used as (proportional)
measures of the ratios of radius to wavelength and inter-
scatterer distance to wavelength, respectively.
IV. RESULTS
A. Time-domain comparisons
Plots of the simulated received signal according to the
three models are shown in Fig. 3 for a variety of system pa-
rameters. In each figure, the reference signals (from the
effective medium and ensemble average models) are com-
pared with the corresponding discrete scatterer model result
for a single realization of scatterer positions with the same
cavity radius, concentration, and transducer center fre-
quency. All signals have been scaled by concentration for
the purpose of comparison in the figures. In each sub-figure,
the effective medium received signal has separate parts cor-
responding to reflections from the front and back faces of the
layer; the former being inverted, the latter not. This is
characteristic of the response from a homogeneous layer.
The ensemble average model also shows this layer-like char-
acteristic. However, whereas the speed of the coherent wave
changes with concentration, thus shifting the effective me-
dium reflected signal, the ensemble average response (which
uses a single-scattering assumption) takes the speed of the
solid matrix and is therefore unaffected by concentration.
The difference between the two reference signals is small at
low concentrations but becomes significant at higher concen-
trations [see, for example, Fig. 3(b)].
Figure 3(a) shows the results for a 10MHz center fre-
quency transducer, with a 15.9 lm cavity radius at a concen-
tration by volume of 2% (ka¼ 0.3, kd¼ 1.2). The only
region where there is a similarity between the discrete scat-
terer model and the two reference models is for the first peak
of the received signal; elsewhere, the discrete scatterer
model, while largely retaining the oscillatory nature of the
transmitted signal, varies greatly and apparently randomly in
amplitude. Thus the incoherent field is significant in this
case. The duration of the received signal is also much longer
than for the effective medium and ensemble average models.
In contrast, for a 5MHz center frequency, 5 lm cavity radius
and 2% concentration [Fig. 3(d)], the three models predict
very similar results (ka¼ 0.05, kd¼ 0.2). The discrete scat-
terer model approaches the ensemble average response,
which is slightly time-shifted compared to the full coherent
field from the effective medium model, due to the change in
effective speed.
Comparing Figs. 3(a) and 3(b) shows that a higher con-
centration of 10% [Fig. 3(b)], with kd¼ 0.7, brings the front-
wall echo into close agreement, and reduces the amplitude
of oscillations for the rest of the period. Figures 3(a) and
3(c) (ka¼ 0.1, kd¼ 0.4) show that a smaller cavity
radius, with a smaller kd value, similarly improves the
FIG. 3. Time-domain response for the effective medium model (dashed gray
line), ensemble average model (solid line), and the discrete scatterer model
(dotted line), all results scaled by concentration for comparison: (a) 10MHz
center frequency transducer, a¼ 15.9lm cavity radius, 2% volume fraction;
(b) 10MHz c.f. transducer, a¼ 15.9lm, 10% volume fraction; (c) 10MHz
c.f. transducer, a¼ 5.0lm, 2% volume fraction; and (d) 5MHz c.f. trans-
ducer, a¼ 5.0lm, 2% volume fraction.
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correspondence between the models, and Figs. 3(c) and 3(d)
demonstrate that a closer agreement is obtained when the
center frequency of the transducer is lower. The combined
effect of frequency and cavity radius can be seen by compar-
ing Figs. 3(a) and 3(d), where both a reduced frequency and
a smaller radius lead to the discrete scatterer model results
being very close to the ensemble average and effective me-
dium model prediction. The response becomes almost
entirely due to the coherent field, and the incoherent contri-
bution is reduced to near zero.
B. Frequency-domain comparisons
The frequency response (to a time domain impulse) of a
system with 10 lm cavity radius, for a range of concentra-
tions, is shown in Fig. 4 for the three models. The plots show
the absolute value of the frequency-domain response (with
no transducer signal included), windowed in the time-
domain to remove ripples on the frequency response caused
by diffraction effects due to the truncation of the region con-
taining cavities at a finite radial coordinate Rmax. All
responses have been scaled by concentration to enable
graphical comparison. Figure 4(a) shows the two reference
signals from the ensemble average and effective medium
models. At low frequency (low ka), the effective medium
model predicts a frequency response with regularly spaced
peaks and pseudo-nodes, consistent with reflections from a
layer, with a peak height almost invariant with frequency.
For a 10 lm radius, ka¼ 0.2 at 10MHz. At the higher con-
centration of 10% (but still at low ka), the effective medium
response shows a shift in the location of the pseudo-nodes
due to the effect of concentration on effective wave speed.
At larger ka values, the effective medium response at the
higher concentration of 10% reduces markedly in peak
height (implying that the response is no longer proportional
to concentration), and with a flattening of the response, with-
out sharp nodes. The ensemble average response is layer-
like and is similar to the effective medium response at low
concentration and low ka. However, since the model
assumes single scattering only, it is unable to reproduce the
change in effective wavespeed, and therefore its peak height
and node positions are independent of concentration.
Figure 4(b) shows the discrete scatterer model response
compared to the ensemble average response. At low ka the
discrete scatterer model matches closely the ensemble aver-
age model but deviates from it increasingly as the frequency
increases. At the lowest concentration, the difference is very
large, with little detectable layer-like behavior in the upper
frequency range, and a large amplitude variation. As the con-
centration increases the response approaches that of the en-
semble average up to increasingly higher frequencies. At
10 MHz, kd¼ 0.9, 0.5, and 0.4, respectively at 1%, 5%, and
10% concentration, so a lower kd produces a response closer
to the ensemble average response. The single scattering
assumption made by the discrete scatterer and ensemble av-
erage models means that neither can produce the features of
the effective medium response seen at higher concentrations,
i.e., the shift of nodes due to a change in effective speed and
the non-linear change in peak height with concentration.
Thus the discrete scatterer response has a mismatch in node
position compared to the effective medium model, which is
negligible at low concentration but increases with concentra-
tion. The frequency responses for a range of cavity radii at
the same concentration show similar trends to those seen in
Fig. 4(b)—increasing frequency (larger kd) causing a greater
deviation between the discrete scatterer model and the en-
semble average model, and a smaller cavity radius (lower
kd), leading to agreement up to a higher frequency.
C. Trends for quality of fit
Thus far, we have identified qualitatively the trends for
the agreement between a single realization of the discrete
scatterer model and the corresponding ensemble average and
effective medium models; these trends are now considered
quantitatively. The quality of fit of the effective medium
model and the ensemble average model to the discrete scat-
terer model results has been evaluated numerically using the
sum of the squared residuals on the amplitude of the fre-
quency response as a function of maximum frequency
according to Eq. (10). Figure 5 shows the RSS as a function
of frequency, with the effective medium model as the refer-
ence signal. A larger RSS indicates an increased difference
between the two models, implying a less coherent response.
FIG. 4. Frequency-domain response (absolute value) for 10.0lm cavity ra-
dius, scaled by concentration for comparison. (a) Effective medium model
at 1% (dashed gray line) and 10% (dashed black line), and the ensemble av-
erage at 1% (solid gray line) and (b) discrete scatterer model at 1% (solid
black line), 5% (dashed gray line), 10% (dotted black line), and the ensem-
ble average model (solid gray) at 1%.
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The trends observed in Secs. IVA and IVB can be identified
in these plots; the RSS rises steeply with frequency, confirm-
ing that the effective medium is a better description for a sin-
gle realization of scatterers at lower frequencies. Similarly, a
larger cavity radius [Fig. 5(a)] and a lower concentration
[Fig. 5(b)] lead to an increased difference between the two
models. The trends in RSS with the ensemble average model
as a reference are very similar to those shown in Fig. 5. At
low frequency (below 8 MHz), the RSS relative to the
effective medium model takes higher values as the concen-
tration increases, due to the shift of the nodes and peaks in
the frequency response caused by the change in effective
wavespeed. As previously mentioned, the simplifying
assumptions of the discrete scatterer and ensemble average
model do not allow the prediction of this speed change and
the resulting peak and node shifts; hence, a mismatch occurs
between discrete scatterer and effective medium responses.
However, we are concerned to monitor the deviation from
layer-like effective homogeneous behavior for a single real-
ization of scatterers, and therefore the RSS relative to the en-
semble average results are of most relevance.
In order to quantify the trends with frequency, radius,
and concentration, a limiting value of RSS was specified
which denotes an “acceptable” agreement between the en-
semble average and discrete scatterer models. Here we mean
that the ensemble average model is a sufficiently accurate
approximation for the signal received from a single realiza-
tion of cavities, and the latter response is essentially coher-
ent, or layer-like in character. Such a limit was established
by examining the time-domain responses using the 5MHz
center-frequency transducer; those obtained with a 10MHz
c.f. transducer signal showed poor agreement between
models for all radii and concentrations. The criteria for
acceptability were: (a) close agreement for the front-face
reflection; (b) minimal signal between the front and back
face reflections; (c) an identifiable back-face reflection signal
with similar amplitude; and (d) only small oscillations fol-
lowing the end of the back-face reflection. Some radius/con-
centration combinations showed acceptable agreement
between the two models with the 5MHz c.f. transducer sig-
nal, and some did not. Hence an RSS limit was chosen in the
frequency domain which produced similar acceptability
results at 8 MHz, the 20 dB bandwidth of the 5MHz c.f.
transducer; that limit was taken to be 0.3. This condition errs
on the side of caution in terms of the use of an ensemble av-
erage model as a description of a cavity-filled region, since it
accounts for a broad transducer response.
Having specified the limiting value of RSS, the fre-
quency at which the RSS reaches that limiting value is
defined as the maximum frequency for use of an effective
medium model. This value is plotted as a function of radius
and concentration in Fig. 6. The plots show the trends identi-
fied previously. When the cavity radius is smaller, the mate-
rial behaves in a layer-like manner, as an ensemble average
response up to a higher frequency than for larger cavity radii.
Conversely, a larger volume fraction of cavities allows a
higher frequency to be used while retaining coherent
behavior.
V. DISCUSSION
In order to quantify the trends in the quality of fit of the
ensemble average model for a single realization of scatterers,
the data shown in Fig. 6 for maximum frequency fmax was
fitted to a power law relationship of the form
fmax=MHz  Baað100/Þb; (12)
where the radius a is in micrometers, resulting in exponents
a¼0.71, b¼ 0.32 with a constant factor B¼ 36.7. The fit-
ted curves are shown in Fig. 6 as solid lines.
It might be expected that a coherent response (i.e., effec-
tive medium behavior) would occur from a single realization
of scatterer locations when the wavelength is much greater
than the length scale of the inhomogeneity in the system (the
mean distance between scatterers). It has already been
observed in Secs. IVA and IVB and in Figs. 3 and 4 that a
greater deviation from coherence occurred for larger values
of kd. In that case, coherence would be expected up to a
maximum value of kd, giving exponents for the maximum
frequency of a¼1, b¼ 1/3. The data was also fitted to this
function, resulting in a constant factor B¼ 72.2. The fitted
FIG. 5. Sum of squared residuals (RSS) between the discrete scatterer model
and the effective medium model as a function of frequency: (a) At volume
fraction of 5% for a range of cavity radii (largest radius is the top line):
5.0 lm (black dotted line), 7.9 lm (gray solid line), 10.0lm (black solid
line), 15.9lm (gray dashed line), 20.0lm (gray dotted line); and (b) for a
cavity radius of 7.9lm for a range of volume fractions (smallest volume
fraction is the top line): 1% (black dotted line), 2% (gray solid line), 5%
(black solid line), and 10% (gray dashed line).
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curves are shown in Fig. 6 as dotted lines; they are still a rea-
sonable fit to the data but with some difference at small ra-
dius. The fitted curves correspond to kd¼ 0.7, so that the
wavelength is approximately 9 times the average inter-cavity
distance.
The data set examined in the present study consisted of
a single realization of cavity locations for each cavity size,
and trends have been fitted to these single realizations.
Hence the data points plotted in Figs. 5 and 6 correspond to
a single sample taken from the ensemble of possible location
sets. In addition, the variability of the deviation of single
realizations from the ensemble average response has been
estimated by taking the standard deviation from 20 realiza-
tions at the same radius. The standard deviation in RSS was
on the order of the mean RSS at the lowest frequencies, tend-
ing toward around half the mean value of RSS at higher fre-
quencies. Thus, the deviation of a single realization from
coherence can be quite variable; an estimate of the accepta-
ble operating bandwidth for use of an effective medium
interpretation would need to account for the standard devia-
tion in the data. The results of other numerical studies17–21
which were evaluating the ensemble average (coherent)
response, also indicate that the variation may be significant,
since many realizations were required to achieve conver-
gence of the coherent field.
The calculations in the present study have been derived
from the field at a single point on the receiving transducer sur-
face. As described in Sec. I, an average over a large receiving
surface can be used to implement some averaging over scat-
terer locations, in a similar way to taking measurements at
different locations or on different samples. However, the
required area must sample a sufficiently large number of scat-
terer configurations to achieve an ensemble averaging effect.
This is likely to correspond to a dimension much larger than
the mean distance between scatterers. Numerical studies using
a finite receiving surface area20,21 much larger than this mean
distance still showed a substantial contribution from the inco-
herent field. The results of these studies also indicate that
since many tens or hundreds of realizations of scatterer con-
figuration were required to achieve a converged averaged
reflected field, a similarly large scale-up of the receiver area
would be required to achieve the same averaging effect.
Therefore our study using a point receiving location is a valid
method for establishing a cautious validity criterion for the
effective medium description of the response from a single
scatterer configuration. In our study, the response was simu-
lated for a layer, taken as a large but finite region, with a lat-
eral dimension much larger than the mean distance between
scatterers; hence, some ensemble-averaging may already
occur in the responses.
VI. CONCLUSIONS
The investigation reported in this paper has demon-
strated the conditions under which the backscattered
(reflected) response to a compressional wave of a single con-
figuration of locations of spherical cavities in a solid
approaches the coherent field, i.e., that obtained from a ho-
mogeneous layer with ensemble-averaged properties. Under
such conditions, an effective medium model is a good repre-
sentation of the response from a single sample. By numerical
simulation and fitted trends for the frequency response, we
have established that the effective medium model is a better
fit at lower frequencies, smaller cavity radii, and a higher
volume fraction of cavities. The results are consistent with
the requirement that the wavelength is much larger than the
average distance between cavities, corresponding to at least
nine cavities per wavelength.
What remains to be established is the effect of averaging
over a finite receiving area (rather than a single point), and
the mean and variance of the incoherent response for differ-
ent scatterer configurations. In addition, since focusing tech-
niques are often used in NDE applications, it would be of
interest to study the response from a small focal region con-
taining cavities, rather than a layer. Correlations in scatterer
locations were also not considered in the present study,
although some work exists on the effect of such correlations
on the expected response,12 and this could be a further rele-
vant area for investigation.
The significance of the work reported here is that it en-
ables the use of effective medium properties in modeling
FIG. 6. Maximum frequency as a function of volume fraction and cavity ra-
dius, with fitted curves: (a) Plotted against concentration for cavity radii of
5.0 lm (filled squares), 7.9lm (open circles), 10.0lm (filled diamonds),
15.9lm (open triangles), and 20.0lm (filled circles); (b) plotted against ra-
dius for concentrations of 1% (filled squares), 2% (open circles), 5% (filled
diamonds), and 10% (open triangles). The solid lines are the power law with
fitted coefficients, and the dotted lines are fitted according to the number
density; these curves are in sequence with the top line being in (a) the small-
est cavity radius and (b) the largest concentration.
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ultrasonic wave propagation in composites, in particular for
porosity flaws. The results of this paper demonstrate the con-
ditions under which the use of effective medium properties
is justified. Typical cavity size and volume fraction observed
in composites fall within those conditions.
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